A level set based topological shape optimization method for nonlinear structure considering hyper-elastic problems is developed. To relieve significant convergence difficulty in topology optimization of nonlinear structure due to inaccurate tangent stiffness which comes from material penalization of whole domain, explicit boundary for exact tangent stiffness is used by taking advantage of level set function for arbitrary boundary shape. For given arbitrary boundary which is represented by level set function, a Delaunay triangulation scheme is used for current structure discretization instead of using implicit fixed grid. The required velocity field in the actual domain to update the level set equation is determined from the descent direction of Lagrangian derived from optimality conditions. The velocity field outside the actual domain is determined through a velocity extension scheme based on the method suggested by Adalsteinsson and Sethian(1999) . The topological derivatives are incorporated into the level set based framework to enable to create holes whenever and wherever necessary during the optimization.
Introduction
In topology optimization fields, Bendsøe and Kikuchi(1988) introduced the homogenization method with by microscopic voids. Nowadays, the density approach such as solid isotropic materials with penalization(SIMP) method (Bendsøe and Sigmund, 2003 ) is generally utilized due to its simple implementation compared with the homogenization method.
However, in SIMP method, lower density region causes unrealistic deformation especially in non-linear structures. This phenomenon is well known as convergence difficulty problem which is actively discussed topics in non-linear analysis (Buhl et al., 2000) . The convergence difficulty is due to relatively sparse materials exposed to the stress concentration. Since Osher and Sethian(1988) have devised a level set method for numerically tracking fronts and free boundaries, a level set method is introduced to the structural optimization problems. Wang et al. (2003) developed a numerical procedure for topology optimization and represent the structural boundary using the level set model that is embedded in a higher dimensional scalar function. Allaire et al. (2004) described a new implementation of a level set method for shape optimization. They considered the compliance and target displacement objectives. Kwak and Cho(2005) applied level set optimization approach to the geometrically nonlinear structures in total Lagrangian formulation. The algorithm creates no holes inside the domain and converges to a local minimum which strongly depends on the initial topology.
In conventional shape optimization using a level set method, a kind of material penalization such as an initial reference domain (Wang et al., 2003) or an ersatz material (Allaire et al., 2004 ) is used to prevent from a singular problem, and these approaches cause the convergence difficulty problem again for non-linear analysis due to inaccurate stiffness.
Especially, a large strain is induced in a large deformation problem such as hyper-elastic material, and sometimes it causes an ill-conditioned tangent stiffness matrix.
In this research, a topological shape optimization method of hyper-elastic material is developed using level set methods. To prevent converence difficulty, actual boundary determined from the level set function is utilized in Lagrangian framework instead of implicit boundary representation. A Delaunay triangulation scheme (Persson and Strang, 2004 ) is used for the actual domain and an analysis for response and sensitivity is done within an actual domain without any material penalization techniques. The normal velocity which is used to update level set function is obtained from the sensitivity analysis using adjoint variable method (Allaire et al., 2004; Wang et al., 2003) . Even if Newton-Rhapson iteration method is used in response analysis, the convergent tangent operator, obtained from this scheme, is directly used in solving the linear adjoint equation.
Since an analysis is done only in actual domain, the necessary normal velocity of domain outside for boundary propagation is obtained using velocity extension method (Adalsteinsson and Sethian, 1999) .
The topological derivatives are incorporated into the level set based framework to enable to create holes whenever and wherever necessary during the optimization. 
Level set method
For the evolution of boundaries, we need to solve the Hamilton-Jacobi type partial differential equation (Osher and Sethian, 1988) as
where N V is a normal velocity field determined from the design sensitivity analysis.
Response analysis for hyper-elasticity
The modified form of energy density function for 
where z , z , and Z are the displacement, virtual displacement, and variational space which satisfies the essential boundary conditions, respectively. Defining the strain energy form
b , and i t are the second PiolaKirchhoff stress tensor, virtual Green-Lagrange strain tensor, body force intensity, and surface traction, 
The material response tensor is defined as
where  is energy density function. Since the strain energy form is nonlinear in its argument z , Equation (6) cannot be solved directly. In this paper, an incremental-iterative scheme is adopted to solve the nonlinear system of equations. The external load is gradually increased and the solution of each load step is sought from the previous equilibrium solution.
At configuration (+1), the solution is decomposed into the solution at configuration () and the incre- 
and linearized strain term is
4. Design sensitivity analysis
Shape derivative
Using Equation (6) 
where λ is the solution of the following adjoint equation as
Taking the shape derivative of Equation (18) 
Topological derivative
Consider a two-dimensional problem for simplicity as shown in Fig. 2 . Let 
where ⋅ denotes the negative function of Lebesque measure of the set. 
The topological variation for the instantaneous compliance in Equation (18) (Novotny et al., 2000) . Finally, the topological variation is expressed as
The topological variation of compliance is always positive when the hole is created since the topological derivative and the velocity n V on the boundary of hole is always negative. This means that the compliance increases when the hole is created.
Topological shape optimization

Optimization formulation
The objective of topological shape optimization is to find an optimal layout that minimizes the instan- 
where s and  are a slack variable to convert the inequality constraint to the equality one, and a Lagrange multiplier, respectively.
Computation of design velocity
Using the Kuhn-Tucker optimality condition, the following is obtained (Allaire et al., 2004) , (21), (24) and (27), the following nucleation criterion can be obtained.
which implies the difference of compliance sensitivity between topological and shape variations. To ensure the decrease of compliance by the nucleation of holes, Equation (32) should be negative. Thus, the point x can be possible nucleation points if the following criterion is negative
where ε is a specified value that can control the number of nucleation holes. After nucleation of holes, it is necessary that the level set function must keep the signed distance properties (Wang et al., 2003) .
Therefore, following reinitialization process is performed such that the distance function at points x around x satisfies the following relation:
6. Unstructured mesh generation and design velocity extension
Delaunay triangulation scheme
During the structural optimization process, the design domain keeps changing as the boundary evolves according to the time integration of the level set function. To handle the changing domains, numerical techniques such as initial reference domain or ersatz material are usually employed in the conventional level set based shape optimization. (Fig. 3(a) ) To relieve the convergence difficulty, a re-meshing scheme is employed for the actual domain which is determined from the obtained level set functions. (Fig.   3(b) ) Using the Delaunay triangulation, the actual domain is discretized into numbers of triangle elements.
Design velocity extension
In the level set method, the Hamilton-Jacobi equation for the level set function is solved at the fixed grid points in the initial domain, including outside the actual domain. To solve the H-J equation, velocity fields need to be given at least in the narrow band region. Therefore, some interpolation and extrapolation schemes are necessary to obtain the required velocity field in the level set method.
In the domain inside, the unstructured meshes for the response analysis generally do not coincide with the fixed grids for the level set method. Therefore, we need to interpolate the normal velocity at a fixed grid point using a distance-weighted average (Fig. 4) Using the topological derivative, nucleation is made whenever and wherever necessary depending on the indicator function given in Equation (33). Fig. 9 shows the results of topological derivatives at initial step, and topological shape change is occurred based on Equation (33). In arbitrary initial holes are given than when the optimal holes are determined by the topological derivatives (Kim et al., 2009) . This shows that the topological shape variation with topological derivatives is more effective than shape variation methods. Fig. 10 and Fig. 11 show the optimization history of case (a) and (b). Together with Table 1 , we can notice that the developed method is very efficient.
Due to the volume constraint, the instantaneouscompliance functional is increasing until the volume constraint, which is 40% of original one, is satisfied.
After that, the instantaneous compliance is minimized while holing the constraint. Small bumps in the instantaneous compliance are due to drastic topological changes such as merging and breaking of boundaries.
Conclusions
In this research, we performed level set based topological shape optimization for hyper-elastic problem.
To relieve convergence difficulty in nonlinear structure problem, we use the actual domain with the Denaunay triangulation and a velocity extension scheme both inside and outside domain to integration Hamilton-Jacobi equation for update level set function. By using topological derivative concept, we can make holes in the domain wherever and whenever we want. It can give us fast optimal shape independent of initial holes.
